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wo-step splitting methods for semi-discrete second order hyperbolic partial
ifferential equations

.B. de Vries

BSTRACT

In this report splitting methods are discussed for a certain class of
econd order hyperbolic partial differential equations via the method of
ines, and in particular the time integration will be discussed. A class
f two-step integration formulas is defined, which contains several well-
nown splitting methods. The first—and second- order two-step splitting

lethods are unconditionally stable for a model problem. Numerical experiments
re reported.
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splitting methods







. INTRODUCTION

It is the purpose of this report to discuss splitting methods for second
rder hyperbolic partial differential equations (PDEs) via the method of
Znes. In the literature second order hyperbolic PDEs have been treated with
lternating direction methods [2], locally one-dimensional methods [15] and
opscotch methods [5] formulated via the direct grid approach.

Let

1.1) 45 - f(e,y), f: Rx R » R’

.enote a semi-discrete second order hyperbolic PDE, where we assume that f
.an be linearly split into k terms, k > 1 i.e.,

k N N
1.2) f(t,y) = ) f.(t,y), £ :R xR > R .

1=1
'he functions f; are called splitting functions [9] and depend on the original
'DE and the type of semi-discretization.

In section 2 of this report, we define a general class of two-step in-
legration formulas for the systems (1.1)-(1.2),which we shall call splitting
‘ormulas. We distinguish between splitting functions and splitting formalas,
nd a combination of both will be called a splitting method [9]. In section
} a survey of known, linear splitting formulas is given.

In section 4 we introduce the multi-argument splitting

1.3) F(tyyseeesy) = £(t,y), F: Rx R x...x R'> Rx R,

there the (nonlinear) splitting function F has m (m=2) vector arguments
8,9]. For the systems (l1.1)=(1.3) we define in this section a rather general
:lass of two-step integration formulas.

The stability properties for the integration formula under consider-
ition will be investigated for the model problem (the k-dimensional wave

iquation)




~ k
1.4) 3y - ) 9 y , 0O<x.<1 ,i=1,...,k

ith zero-Dirichlet-boundary conditions. When we semi-discretize (1.4) using
tandard finite differences on an uniform grid, we obtain a linear system

f ordinary differential equations (ODEs) of the form

2

4 k
1.5) L =gy , J=) 3
dt i=

N

here J, corresponds with 82/3x. . The matrices J and I have a negative
igenvalue spectrum and satisfy the common eigensystem condition [2,8].

In section 5 a few splitting functions are summarized, which are fre-
uently used in practice. Finally, in section 6 some splitting methods are
llustrated with numerical examples.

In this report we consider first and second order splitting methods
hich are unconditionally stable for the model problem (1.4). This limitation
s a consequence of Dahlquist's theorem: a linear multistep method that is

-stable cannot have order greater than two [1] .

. LINEAR SPLITTING FORMULAS

Consider the m—stage, 2 — step integration formula

. . . k ..
Gy _ D _.(3) 2 (ji)
Ype1 T W Yn + (1w )yn—l-FT izle' fi(tn-l+inT’yn~l) *

k .. I ok
2 G1i) 2 (€9)
+T0 ) by E (e HB LT,y ) H T DRIV S CRRL LI TLS AR
1=] £=1 i=1
j=1 (1) m,
- o (m) (m) _
yn+1 = yn+1 s U = 2,
here Yo-1° Yn denote the numerical approximations respectively at t=t _;»
=t and T = t -t =t =t . Each formula from class (2.1) is called
n n+l n n n-l (ii) (ii) (i)
linear 2-step splitting formula. The parameters b] v, b2 It s M J

.,.» B..s yY.. and A.ﬂ. serve to make this scheme a consistent and stable
jei’ Tjit i1 j£1




approximation to (l.1). In particular, however, they should be used to ex-
>loit the splitting property (1.2) in order to obtain an attractive compu-—
tational process.

For future reference, we consider two linear 2-step methods for the

second —order ODE (1.1) . The first-order consistent linear 2-step method

2
(2.2) Vel = 2y — Y, tT f(tn+],yn+1)

and the second-order consistent linear 2-step method

20 )]

(2.3) Voey = 2yn—yn_] + f(tn_l,yn_1?+ 2f(tn,yn) +f(t

T Y

— +

A n+l1’/n+l
>elong to the class (2.1). The formula (2.3) has the smallest error constant
among second order accurate linear multistep methods [1,8]. Both methods
zenerate several splitting formulas and therefore the formulas (2.2) and

(2.3) will be called generating formulas.

2.1, Consistency conditions

Expanding Yol in a Taylor series at the point (tn—l’yn—l) the order
conditions for scheme (2.1) can be derived. Conditions up to order p=2

are listed in Table 2.1. The derivation of these conditions is straightfor-

vard.
[able 2.1 Consistency conditions for (2.1)
. . m
> =1 pémd) y pmb, y Ay = ! , i=1(k,
£=1
. m
o= 2 b§m1)+ y u([') App =1 , i = 1(k,
£=1
(mi) (mi) 7
by Yo * b smi+££1amﬁxm&=1 , i = 1(Dk.




By deleting the last condition in table 2.1 the order conditions for
;cheme (251) are also listed in table 2.1 for an autonomous system
di.e., Q_% = f(y)). For an autonomous system the integration formula (2.1)
.s third order consistent when, in addition to the order conditions up to

;0 order p = 2,

, (mi) % ). 2 _ .
'2.4) b, + 1121 WA p = 1/6 i = 1(Dk,
'2.5) bfm) +2£Z A pi [_u_(~ )+b]( 1) +b§ Dy,
=1 2
Pl
+ 2 N X ,. A, . =17/6, i,j = 1(1)k.
21 =1 mli “Lrj

For convergence of a p—th order consistent scheme (2.1) we refer to

:onvergence results of linear multistep methods (cf.[7,121]).
'.2. Stability

DOUGLAS AND GUNN [2] give a general formulation and stability analysis
»f ADI methods for second order hyperbolic PDEs via the direct grid approach.

By using the method of lines the characteristic equation of the inte-
jration formula (2.1) can be obtained in a direct manner (cf.[8]) and is for

1 > 1 defined by the formal relatioms

£ 2 K (mi) € (mi)
(1- Z i 2i) T -(2+'§ bz g+ (- 1 bz
1=1 i=1 i=1
m—1 k
-7 1 oz rP@ =,
=1 i=l

k
D@ = - ]

k .
iz (e Ty o
i=1 i=1

k .
(2.6a) + 1= u(l) + ) béll) zi},

i=1




@, § b (1),

+ 1 -u .
1=1 .
£-1 k (q)
+ 1) Nz RY@Y, L=20) -1,
qg=1 1=l

z, and z represent eigenvalues of Tz Ji and 12 J, respectively. For
le characteristic equation of (2.1) is defined by

2 - kW) = o.

er to have an infinite negative interval of stability for formulas
ie (2.1), the characteristic equations (2.6a) and (2.6b) should have
roots on or within the unit circle for all negative z and zg.

le conclude this section with the formulas for the characteristic
.on of the linear 2-step methods (2.2) and (2.3). The characteristic

.on of the first order formula (2.2) given by
2
(1-2) - -2z +1 =0

s roots within the unit circle for all negative z, whereas the charac-—

:ic equation of the second order formula (2.3) given by
-2y 2 -@+Z g+1-% =0
7t 27t 4

:s roots on the unit circle [8]. A simple calculation reveals that the

of (2.7) satisfy the relation

_ V1+]z]! 1 .
I C‘(Z) l - = s J T ],2’ as IZ' +> @,
J iz | /Tz]

‘ormula (2.2) has a very strong damping effect on the higher harmonics.




. A SURVEY OF LINEAR SPLITTING FORMULAS

In this section we consider only splitting formulas of type (2.1); for
he definition of useful splitting functions we refer to section 5. Several
xamples of known unconditionally stable splitting methods are discussed in
he following subsections.

The splitting formulas will be considered for a rather general class

f nonlinear initial-boundary value problems given by

2 k Bzu
3.1a) 3"u = Z Gi(t,x,u, ——E-) , X = (x],...,xk) s xe QuiédQ,
.2 i=1 9X.
ot 1
- ou -
3.1b) u(to,x) = uO(x) , EET(tO’X) = vo(x) s xe QU Q,
3.1c) ao(t,x) u(t,x) + al(t,x)un = az(t,x),lﬁlnormal derivative,

x e § Q,

here @ is a bounded and path-connected region in the (Xl,...,xk)—space with
.ides parallel to the coordinate axes and 8Q is the boundary curve of Q. By
pplying the method of lines, that is by replacing the region Q UGS Q by a
‘ectangular grid with grid lines parallel to the coordinate axes the equa-
:ion (3.1a) and the boundary condition (3.1lc) together convert into a system
f ODEs (1.1).

The splitting formulas in the subsections 3.1 and 3.2 are suitable for
‘he k-dimensional problem (3.1a) - (3.1c), whereas in the other subsections
mly splitting formulas for 2-dimensional problems, i.e. k=2 in (3.1a) -
‘3.1c), are considered.

The splitting formulas together with a suitable splitting function could
1lso be applied to the more general 2-dimensional nonlinear initial-boundary

ralue problems

2
u

QL

(3.2a) = G(t,xl,xz,u,uX % 2% x ), (XI’XZ) e QU dQ

ot 171 272

N

ind




Bzu
—= = G(t,x,,X,,u,u
3t2 1°72 X

s

) (XI’XZ) e QuUdQ,
1

u ,u
RIS )
‘he boundary and initial conditions defined in a similar way as for

m (3.1a). However, for the problems (3.2a) and (3.2b) numerical results

led by splitting methods are hardly available in the literature.

‘he fractional step methods of Konovalov

jonsider the k-stage formula

(1) _ (1)
Yn+1 2yn yn—l T fl(tn+l’yn+1)

b

Gg) - ,G-D 2 (3)
v Yprr P T B i)

9 , 3= 2(Dk.

;plitting formula was introduced by Konovalov [10] and is first order

stent. For this formula the characteristic equation is given by

(1-2,) 2 _2c+1=o0.

=R

j=1

lurwitz's criterion (cf.[12,p.81]) it follows that the roots of (3.4)
‘thin the unit circle for all negative zj.

[n the same article Konovalov suggested another k-stage formula

k
) _ _ 2 (1 2
n+l 2yn Yp-1 F T fl(tn+1’yn+1) T iZZ fi(tn+1’yn) ’
(3) _ ,G-1) 2 Gg)y _ .2 T
Yorl Y e * T fj(tn+1,yn+1) T fj(tn+],yn) » J = 2(Dk

che characteristic equation

k : 2 K
., (1-z, - [.1
v - H

s (l-zj) + z+1lzg+1=0 ,

1
easily verified that (3.5) is again first order consistent and that
»ots of (3.6) are within the unit circle. The splitting formulas (3.3)
3.5) have (2.2) as the generating formula. The splitting formulas of

alov are also applicable to 2-dimensional hyperbolic PDEs containing




. mixed derivative [10] and hyperbolic PDEs arising in the theory of elas-

icity for plane problems [11].

i.2. A second order 2-step splitting formula

Consider the k-stage splitting formula

2

N : (1

Yoel] = 2y " Yoy vz LECE oy ) *2£(e YD +E (e 1,y )T
3.7) 5

() _,G-D = () .

Yor1l ~ Y o+l Y 3% fj(tn+1’yn+1) , 3 =2(Dk.

‘or this second order consistent formula the characteristic equation is
riven by
3.8) 1131 (1—%zj)c'2 -(2+%) t+1- 7 = 0.
'or negative z and zj - values (3.8) has its roots within the unit circle,
thereas the characteristic equation (2.8) of the generating formula (2.3)
1as its roots on the unit circle. As far as we know, the formula (3.7) has
1ot been discussed in the literature. When we compare the number of function
wwaluations of the formulas (3.3) and (3.7) per integration step, it is clear
:hat (3.7) requires one extra function evaluation.

A second order analogue of (3.5) is the k-stage stabilizing corrections

splitting formula (cf.[2,8])

2
()= 2y - T 1)
Tn+1 T 2yn Yn-1 7 G J‘[f(tn—l’yn—l)'*2 f(tn’yn)'Ffl(thsYnﬂ) +
(3.9) + '2 £.(t vy )1,
i=2
Gy _ G- | 1° )y _ .
Yn+1 = Yo+l g [fj(tn+l’yn+1) fj(tn’yn)] > ] 2(Dk

vith the characteristic equation

k | 2 k . 3. z _
-1 - -1 2 z+1Jz+1-% =0.
(3.10) J.I;fl(l z.ZJ-)?; [jgl (1 "zj) +4Z 4 A




easily verified that (3.10) has its roots within the unit circle.

'he method of approximating factorization

ionsider the 2-stage formula

a _ 12 (1)
ntl = Yo Y2 (YY) s

= 2y(D +12[f (t ) + £, (t )]
yn+1 yn+1 Yn-1 2 2V n-12Yn-1 ’ 2V n+127n+1 :

recond order consistent splitting formula has been suggested by
INOV [ 3] for the 2-dimensional wave equation (see also YANENKO [17,p.50];
\aracteristic equation of the method of approximating factorization

is given by
2
(1= 4z)) U-pz)c =20+ (1-4z,)(1-}z) = 0.

yots of (3.12) lie on the boundary of the unit circle.

\ method of Lees

msider the 2-stage formula

(1 _ _ 2 _ 2
el T P Vpoy t T £ (e ) (2T £ (e ey )
2 2 (1)
) +r R (e Ly ) r ot £ (e sy L)) s
7 ey + nT2 [£,(t ) -2 £ (t_,y.) + £ (t y )]
n+1 T+l 2 =101 2 n’’n 2 n+1?/n+l ’

n is still a free parameter. This splitting formula was introduced by
“13] (see also MITCHELL [14]). It is easily verified that (3.13) is

1 order consistent for every choice of n. The choice n = 1/12 leads for
conomous system even to a third order consistent splitting formula,

can be easily verified by using (2.4) and (2.5).

[he characteristic equation is given by




3.14) (l-nzz)(l--nzl)c2 -z [2-+z(l—2n)-+2n2z122] + (l-nzz)(l-nzl) = 0.

pplication of Hurwitz's criterion reveals that (3.14) has its roots on the

nit circle for all negative z, and z, ifn = 1/4.

.5. The locally one-dimensional method of Samarskii

Consider the 3-stage formula

2
(1) _ _I
Yo+l 2(yn--l-*-yn) 8 [fz(tn--l’yn-l)+f2(tn’yn):I ’
2
(2) _ _ . (1) T (1) (2)
3.15) Vool S WYt T [fl(tn,yn_,_]) + fl(tn,}’n_,_l)] >
2
- 2.(2) _ I
Yo+l ~ 2yn+l Yn * 4 [fZ(tn’yn) * fZ(tn+1’yn+1)]'

his splitting formula was introduced by SAMARSKII‘[ISJ (see also MITCHELL
14])for the 2-dimensional wave equaticn. The locally one-dimensional split-
ing formula (3.15) is second order consistent and its characteristic equa-

ion is given by
-1 -1 2 _(9+ 2 - Z_
3.16) (1-; zl)(l 422)C (2+ 2) L+ 1 3= 0.

rom Hurwitz's criterion it follows that the roots of (3.16) are within the

nit circle.
R NON—LINEAR SPLITTING FORMULAS

In this section some non-linear splitting formulas are discussed for
eneral nonlinear systems (1.1), where the vector function f satisfies the
on-linear splitting relation (1.3). Such general nonlinear systems are for
xample obtained from the semi~discretization of the initial-boundary value
roblems (3.1a -3.1¢),(3.2a) and (3.2b). For the definition of useful split-

ing functions we refer to section 5.
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[he method of successive corrections

Jonsider the splitting (1.3) with only 2 vector arguments, i.e.

F(t,y,y) = £(t,y).

1e splitting function F(t,u,v) have "simply structured" Jacobian ma-
g ply

3 J] = 3 F /3u and J2 = 3F/3v. Then a class of 2-step splitting formu-

2longing to the more general class defined in [8] reads

yégz B y(gi?d)’ zn - 2yn " Yn-1 +b]T2 f(tn’yn) * bZTzf(tn—l’yn—l)’
yiiz = Zn * by 12 F(tn+1,y§iz ,y(i::)) s, = 1,3,5,...
AR LN SO R AR IS EE T
yn+1 B éfz R

(pred)

ot is a predictor formula of order q. The integration formula

ed by (4.2) is consistent of order min {p,2m+q} , where p is the order
2 .

el - Zn + b0 T f(tn+l,yn+1)(cf. [8]1). Substi-

n of a particular splitting function into (4.2) leads to a scheme which

e generating formula y

be called the method of successive corrections.
In the stability analysis we confine ourselves to the model problem
2 2 .
7 J,and b, 1~ J, have a common eigen-

0 1 0 2
and Z,s respectively. In [8] the charac-

with k = 2, where the matrices b

m with negative eigenvalues z,
tic equation of the method of successive corrections is given, where
(pred)
© n+1

formula or an explicit linear k-step formula. The behaviour of the roots

rresponds to a linear k-step formula and y corresponds to an one-
22) of the characteristic equation for large values of lzll and lzzl
portant. As |z| is smaller for Izll, Izzl » 1, the stronger is the

ng of the higher harmonics in the numerical error. We can only have
totic stability of (4.2) for even m values if the predictor formula

so asymptotically stable. Therefore the formulas
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(pred) .

/, = R

%.3a) Y o+l Y, with q .]

ad

%.3b) y(gi?d) = 2yn = Yo-1 with q = 0

zem to be plausible choices.

Choosing in (4.2) m even,

(pred) _ _ _ -
Y e = yn’bO b2 = 1/4 and b1 =1/2

e obtain a second-order splitting formula with the characteristic equation

4.4) (l-z)cz-{2(1+z) - R(1+32)} £ +(1-R) (1-z) = 0,

~ 2122 -m/2
here R=1CL i 2 = 2z,+z, . Observing that for m even

(1-z ) (1-2,) ‘

0<R<1 ,

t is easily verified that the roots of (4.4) are within the unit circle,
hereas the characteristic equation (2.8) of the generating formula (2.3)

as its roots on the unit circle. In {8] the case m = 2 was considered.
eplacing the predictor formula (4.3a) by (4.3b) leads also the a second-

rder splitting formula with the characteristic equation
1 2 jag
4.4) (1-2)z” - 2(14z=-2Rz)z+1 - z =0 .

owever, the roots of (4.4)' lie on the boundary of the unit circle.

Choosing in (4.2) m even,
(pred) _ - - =
A y,sby = b, =0 and by =1

e obtain a first-order splitting formula with the characteristic equation
4.5) (1-z)z" - [2-R(1+z)I g + 1 = R = 0.

‘rom Hurwitz's criterion it follows that (4.5) has its roots within the unit
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e for all negative z, and Zys just as the characteristic equation (2.7)

generating formula (2.2). Replacing the predictor formula (4.3a) by

[

) leads also to a first-order splitting formula with the characteristic
ion -

(1-z) ¢? - 2(1-Rz) ¢ + 1 - Rz = 0,
has again its roots within the unit circle.

Tor Izll, [zzl > o the first order approximations of the dominant root

4) and (4.5) are of the form (cf.[8])

C=1+2m (—+—)
1 %2

m 1 1
=1+ 2 (Ll
2 z, z,
:tively. Hence, for a given even value of m and the predictor formula
| the second order splitting formula has a slightly stronger damping
: higher harmonics than the first order splitting formula.
‘urthermore, comparing the number of function evaluations of both for-

per integration step (both with the same value of m) , it is clear

:he second order splitting formula requires one extra function evaluatio:

fhe method of stabilizing corrections

.et the splitting function F (t,ul,...,um) satisfy condition (1.3),
. =9 F/Buj, j=1,2,...,m have a simple band structure, and consider
-stage splitting formula

(0) _ _(pred) _ _ 2 2
'n+1 = Y n+1 2 2:n - 2yn Yn-1 * b1 T f(tn’yn).‘-bZ T f(tn—]’yn—l) ’

(1) _ 2 (1 _(0) (0) _ 2 (0)
n+1 T zn Tt F(tn+1’yn+l > Yn+1 ""’yn+l) +(bO ul)T f(tn+l’yn+1) ?
3y _ G- 2 (0) ) .G ) (0)
rrn+l - yn+] + ujT [F(tn+],yn+l,...,}’n+]s yn+1, n+l,-..,yn+l)
_ (0) . ,
f(tn+1’yn+l):j s 1 = 2,3,.-;11). s
(m)

Yn+1 ~ In+1?
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here yézfed)

lace in the row of vector arguments of F. A straightforward Taylor expansion

is a predictor formula of order q and yéiz occurs at the j-th
eveals that formula (4.6) with the predictor formula (4.3a) is consistent

f first order when

4.7) b0 + bl + b2 =1,

econd order consistent when, in addition,
4,8a) b, + 2b, =1,

4.8b) by * by +uy =1, 5= 1(Dm.
he order conditions of (4.6) with the predictor formula (4.3b) are given

y (4.7) and (4.8a). Substitution of a particular splitting function into

4.6) leads to a scheme which will be called the method of stabilizing cor—

ections [2,8].
Choosing in (4.6)

(pred) _ - - -
n+1 = yn,b1 = b2 = 0 and b0 =1
re obtain a first-order consistent splitting formula. For the model problem
'1.4) with k = m, the characteristic equation of this splitting formula as-
'umes the form
m

. 2
4.9) 1 (1 ujzj)g L

m
=1 L

[ (mhyz) 42+ 1Jc+1 =0,

j
there the zj denote the eigenvalues of the matrices T2 Jj. It can be proved
‘hat (4.9) has its roots within the unit circle for all negative zj if

lj >1/2, j = 1(1)m. For “j = 1,7 = 1(1)m and the differential operator
ijplitting function (c£.[8,9])

m
'4.10) F(t’ul’UZ""’um) = iZ] fi (t,ui)




-ain the earlier mentioned splitting formula of Konovalov (3.5).
:ing (4.3a) by (4.3b) leads also to a first order splitting formul

-he characteristic equation

T 2 5 tz+ .01 1z + .0 (1 y+z=0
-u.z. - + . -u.z. + ., (1-u.z. z=0.
sy (mwgzat z+ 50 Umugzde s 54 i%3

lurwitz's criterion it follows that (4.9)'has its roots within the

» for all negative zj if uj > 3/4, j=1(1)m.

‘hoosing in (4.6)

(pred)
n+1

=y,5by = by 1/4, b, 1/2 and My = 1/4 for j = 1
-ain a seccnd-order consistent splitting formula with the characte

lon

m 2 m ) 3z z
) jgl (1 %zj)c [jgl’( sz) + = +1] ;+} = 0.
yots of (4.11) are within the unit circle for all negative Zj'

choosing in (4.6)

(pred)

1 b,=b

= 2yn--yn_1 > by 5 = 1/4 and b] =1/2

tain also a second-order splitting formula with the characteristic

ilon

yooomQ ye2-[2 .0 y+zlc+. 0. (1 ) =0
. -u.z. - . -H.z.) + + . -u.z2.) = U,
j=11 5% E =1 Hi%5 21t =1 uJ ]

er, the roots of (4.11)'lie on the boundary of the unit circle for
ive zj if uj 2 1/4, j = 1(1)m.

The method of stabilizing corrections requires one evaluation of I
-evaluations of F, whereas the method of successive corrections re

s one evaluation of Zn and m evaluations of F.




. SPLITTING FUNCTIONS

In the preceding sections we only derived splitting formulas, which
an be selected on the ground of accuracy, stability considerations and
omputational efficiency. Substitution of a particular splitting function
nto a splitting formula leads to a splitting method. In this section, we

ummarize briefly a few splitting functions, which depend on the class of
roblems under consideration. For a more complete discussion of these split-

ing functions we refer to [8,9] . Some suitable splitting functions for the
plitting formulas discussed in this report are:

°. The differential operator splitting function [8,9] for a (2k+1) - point

coupled (nonlinear) function f in (1.1) which originates from the semi-

discretization of a k-dimensional hyperbolic PDE (3.1).

. The odd-even and line hopscotch splitting function [8,9] for a 5-point

coupled (nonlinear) function f in (1.1).

. The alternating direction implicit splitting function [9] for a 5-point

coupled (nonlinear) function f in (1.1),

Functions f derived from the 2-dimensional hyperbolic initial-boundary
alue problems (3.1) with k = 2 and (3.2a) satisfy a 5-point coupling. To
-point coupled systems (1.1) the line hopscotch splitting function can also
e applied together with a particular splitting formula. Such systems arise
y semi-discretizing hyperbolic equations containing a mixed derivative
see section 3).

The splitting formulas discussed in section 4 can be combined with each
plitting function, whereas the splitting formulas in section 3 can be com-
ined only with the differential operator splitting function and the hops-

.otch splitting functions.

o NUMERICAL EXPERIMENTS

The purpose of this section is to show that the splitting formulas to-
ether with a suitable splitting function can be applied to nonlinear hy-

ierbolic initial-boundary value problems. To some extent the components of
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each splitting method discussed in this report, viz. the splitting function
and the splitting formula, are independent of each other [9]. For a linear
problem we illustrate that a certain type of splitting function can be com-

bined with more than one type of splitting formula.

6.1. The test examples

The initial-boundary value problems we tested are all of the form

Bzh Szﬁr Bzhr
(6.1) —_— = a(t,x],xz,u) [ + 5 } + v(t,xl,xz)

2 2
ot L 3x1 3x2

defined on {(t,xl,xz) lo<t< ,(xl,xz) € 2}, where Q is given by

Q= {(x],xz) IO < X ,X, < 1} .

2
A splitting of v = iv + iv was used in all experiments. The initial and
Dirichlet boundary conditions follow from the exact solution given in table
6.1. By using standard differences the problems were semi-discretized on a
uniform grid €, with mesh width h. Evidently the components of the right-

hand side function f in (1.1) are coupled according to a five-point molecule.

Table 6.1. Specification of the test examples

Example Solution a(t,xl,xz,u) v(t,xl,xz) r
_.t22 _t22
I I+e (x1+x2) 1 e (xl+x2—4) 1
- 2 -
II l+e t(x%+x§) 100 cos [(X1+X2)u] e t{x?+x§ - 1
2
400 cos‘[(xl+x2)
-t, 2. 2.1
(1+e (x1+x2))] }
X +x, 9
1 : - .
ITI 2(X1+X2) sin(27t) 5 (I+t) 2T (x1+x%)31n(2nt) 3
3G+x0)7 in3(ame)
4(1+t)
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>.2. Methods used.

Three splitting formulas were applied to the examples I - III (see
:able 6.1). In our experiments we used the first order consistent formula

(3.3) with k = 2, the second order consistent formula (3.7) with k = 2 and

:he second order splitting version of the method of successive corrections

lefined by (4.2) with m even, b, = i, b, = b, = i, i.e.,

2

2
T T
=2y, - t Bt L,y )t (e sy )

(0) _ _(pred)
y ? Zn n n-1

n+l n+l

. 2 . .
) I+ LI (1) ,G-Dy

yn+1 - Z n+1’yn+]’y n+1 j = 1’3,5,--.,m_1’
6.2) )
(3) _ T G-1 ()Y .
Yn+] - En"' Z- F(tn+1,y n+1 ’yn+1)’ ] = 2,4,6,-..,111,
() _ (m)
Ya¥1 = Yp+p » Tmoeven..

[n the experiments we tested the predictor formulas (4.3a) and (4.3b) and
hose m = 2 and m = 4.

For all the examples the splitting formulas are combined with the dif-
ferential operator splitting function (D.O.splitting). Note that in the dif-
ferential operator splitting the inhomogeneous term v(t,x],xz) will be split
into i{v + lv. For the linear problem I the formulas (3.3) and (3.7) are
1lso combined with the odd-even hopscotch splitting function (O-E H.split-
zing).

The tridiagonal Jacobian matrices, used to solve the implicit equations
>y means of a Newton-type process, were obtained by analytical differen-
:iation. In case of constant partial derivatives 3f/3y, these matrices were
letermined once; in all other cases they were updated every integration
step at the points (tn,yn). In all experiments the implicit equations were
solved with one Newton iteration. As initial approximation to start the
Jewton iteration in the first stage of the splitting methods we chose an
:Xtrapolation formula. In the scheme {(4.3a),(6.2)} we used formula (4.3a)
3s initial approximation and in the other schemes we used formula (4.3b) as
initial approximation. In the other stages we used in the Newton-type process

the solution of the preceding stage as predictor.
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n order to compare the computational effort of the various methods

e listed in the tables of results the number of f-evaluations per in-
‘ion step. The splitting formula (3.3) costs one complete f-evaluation
tegration step. The splitting formulas (3.7) and (6.2) require the
ons f(tn,yn) and f(tn—l’yn—l) in every integration step. For both for-
one function evaluation per integration step can be saved, when in the
lentation f(tn,yn) is stored in an array with N components, where N is

to the number of interior grid points of Q . Thus, the formulas (3.7)

he
5.2) cost per integration step 2 and (m+l) f-evaluations, respectively.
c comparison of the computational effort of the various methods we have
iken into account the evaluation of the Jacobian matrices, the LU-

>ositions, the solution of tridiagonal systems of linear equations, etc.

lumerical results

'he two starting values were obtained from the exact solution of the
11-boundary value problems.
‘’he accuracy is measured by the number of correct digits in the end

t=1, i.e.

sd = - 10log |maximum absolute error in t = 1|

°

'rom (6.3) it follows (see also LAMBERT [12,p.257]) that on halving the
‘ation step T the value of sd should increase by plolog 2= ,3p for a
| of order p (and T sufficiently small).

‘n the tables of results given below the values of the pair (f,sd) are

| where f denotes the number of f-evaluations per integration step.




able 6.2a (f,sd)-values for example I obtained by (3.3) and (3.7) together
ith differential operator (D.0) splitting and odd-even hopscotch (O-E H.)

plitting.
(3.3) with (3.3) with (3.7) with (3.7) with
h 1 |D.0.splitting|O-E H.splittingD.0.splitting| O-E H.splitting
/5 | (1,2.37) (1,.72) (2,2.94) (2,1.47)
/10| (1,2.78) (1,1.02) (2,3.61) (2,2.31)
/10 490! (1,3.0) (1,1.63) (2,4.18) (2,3.12)
1/40| (1,3.33) (1,2.38) (2,4.75) (2,3.80)
1/5 | (1,2.22) (1,0.5) (2,2.92) (2,0.95)
/10| (1,2.77) (1,0.62) (2,3.53) (2,1.4)
/200 41901 (1,3.0) (1,0.95) (2,4.07) (2,2.38)
1/40| (1,3.33) (1,1.61) (2,4.62) (2,3.16)

In table 6.2a is illustrated for the linear example I that the splitting
iethods lose accuracy when the boundary conditions are time—dependent and
£ h » 0, which is a well-known phenomenon [4,16]. Table 6.2a shows that the
isymptotic order of the formulas (3.3) and (3.7) with the D.O. splitting is
1ore or less reached, whereas with the O-E H.splitting a higher order of
lccuracy is shown. The splitting formulas in combination with the odd-even
iopscotch splitting functions are less accurate and more sensitive to grid
‘efinement than with the differential operator splitting function. Notice
‘hat the splitting formulas with the D.0O. splitting require the solution
f tridiagonal systems of linear equations, whereas with the O-E H.splitting
mly scalar linear equations have to be solved. Therefore a comparison based
m f-evaluations is far from complete. The splitting formulas with O-E H.
splitting satisfy the situation where a quick solution with little effort

ind not too great accuracy is required.
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6.2b (f,sd)-values for example I obtained by {(4.3a),(6.2)} and

{(4.3b),(6.2)} with the differential operator splitting function
and m = 2,4,

{(4.3a),(6.2)} {(4.3b),(6.2)}

T m= 2 m=4 m= 2 m= 4 7
1/5 (3,1.98) (5,2.09) | (3,2.66) (5,2.81)
1/10| (3,2.88) (5,3.66) | (3,3.98) (5,4.25)
1/20|  (3,3.74) (5,4.98) | (3,4.83) (5,4.97)
1/40| (3,4.55) (5,5.64) | (3,5.65) (5,5.64)

1/5 (3,1.33) (5,1.6) (3,2.12)  (5,2.42)
1/10|  (3,2.21) (5,3.23) | (3,3.00 (5,3.73)
1/20 (3,3.17) (5,4.35) | (3,4.32) (5,5.01)
1/40| (3,4.07) (5,5.67) | (3,5.56) (5,5.67)

[n table 6.2b results are listed for example I but now for the method

:cessive corrections (6.2) with differential operator splitting. For

the scheme {(4.3b), (6.2)} is considerably more accurate than
1),(6.2)}. For m = 4 and T = 1/20 a similar conclusion can be drawn.
schemes are rather sensitive to grid refinement. Table 6.2b also illus-
; the effect of the value of m on the accuracy. For this range of

les the asymptotic order p = 2 is not clearly shown. Only for m = 4 the

> {(4.3b),(6.2)} has the tendency to show its asymptotic order.

Jomparing the results in the tables 6.2a and 6.2b we observe that es-
lly for large T values the method of the successive corrections is more
:ive to grid refinement than (3.3) and (3.7) with D.O. splitting. In
igher accuracy range {(4.3b),(6.2)} withm = 2 is the most efficient
‘ms of the total number of f-evaluations. For lower accuracies the

1 (3.7) with D.O. splitting becomes the more efficient onme.
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'able 6.3. (f,sd)-values for example II with h = 1/10,

Each formula uses D.0. splitting.

Formula 1=1/20 = 1/40 T=1/80
(3.3) (1,2.83) | (1,2.91) | (1,3.18)
(3.7) (2,3.7) (2,4.14) | (2,4.67)
{(4.3a),(6.2)}, m = 2 * * (3,3.39)
{(4.3a),(6.2)}, m = 4 * (5,2.89) | (5,4.55)
{(4.3b),(6.2)}, m = 2 * (3,3.32) | (3,5.23)
{(4.3b),(6.2)}, m = 4 * (5,4.03) | (5,5.9)

In table 6.3 results are listed for the nonlinear example II obtained
rith various formulas together with D.0O. splitting. Instability is indicated
y an asterisk. For large t-values (3.7) is superior to the method of suc-
.essive corrections, whereas the method of successive corrections {(4.3b),
6.2)} withm = 2 is competitive for T = 1/80. Again increasing m improves
‘he accuracy in the method of successive corrections considerably. The results
n table 6.3 show that only the asymptotic order of the formulas (3.3) and
3.7) is more or less reached. The best choice for the predictor formula in

6.2) is again (4.3b)

'‘able 6.4. (f,sd)-values for example III with h = 1/10
The splitting formulas are combined with the differential operator

splitting function.

Formula =1/10 =1/20 = 1/40
(3.3) (1,-.07) (1,.1) (1,.31)
(3.7) (2,.58) (2,1.26) (2,1.84)

{(4.3a),(6.2)} , m=2 | (3,.63) (3,1.23) | (3,1.83)
{(4.32),(6.2)} , m =4 | (5,.63) (5,1.23) | (5,1.83)
{(4.3b),(6.2)} , m=2 | (3,.37) (3,1.23) | (3,1.83)
{(4.3b),(6.2)} , m=4 | (5,.64) (5,1.23) | (5,1.83)




23

In table 6.4 the results are presented for the nonlinear example III
with h = 1/10 showing that for T > 1/20 the effect of the choice of the pre-
dictor formula and the value of m in the method of successive corrections
on the accuracy is negligible. For this example (3.7) with D.O. splitting
is the most efficient method. The results show the correct order behaviour
of the second order methods. The first order method (3.3) has the tendency

to show its asymptotic order.

From the results of the three problems the following conclusions can be

drawn:
. . (pred) _ . .
~ Using (4.3b), i.e. y o+l o 2yn— -] * 23S predictor formula in the method
of successive corrections (6.2) instead of (4.3a) (y(ﬁiff) = yn) is worth-

while.

- For large t-values (3.7) with the differential operator splitting function
is the most efficient method.

- For higher accuracies the scheme {(4.3b),(6.2)} with m = 2 and differential

operator splitting is preferable in the examples I and II.

7. CONCLUDING REMARKS

In this report a survey is given of the most important splitting methods
for second order hyperbolic PDEs via the method of lines. In the literature
the linear splitting formulas discussed in section 3 together with the dif-
ferential operator splitting function are usually formulated and analysed as
direct grid methods for the multi-dimensional wave equation with Dirichlet
boundary conditions.

Using the predictor formula (4.3a) the second order splitting formulas
discussed in section 4 have a stronger damping of the higher harmonics than
using the predictor formula (4.3b).

It is known that splitting methods will usually lose accuracy when the
boundary conditions are time-dependent (cf. FAIRWEATHER and MITCHELL [4]).
This phenomenon was investigated in [4,16] for a class of splitting methods
for parabolic PDEs and in [6] for a class of splitting methods for second
order hyperbolic PDEs. Following the approach of SOMMEIJER et al. [16] the

boundary-value correction can also be derived for splitting methods for a




‘ather general class of hyperbolic initial-boundary value problems defined

y (3.1a)-(3.1b). These aspects will be subject for future research.
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